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Abstract 

In this paper, Lagrangian formahsms of Classical Mechanics was deduced on Kaehle- 
rian manifold being geometric model of a generalized Lagrange space. Then, it was given 
two applications of complex Euler-Lagrange equations on mechanics system. 
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1. Introduction 

As well known, modern differential geometry provides a suitable fields for studying Lagrangian 
theory of Classical Mechanics. This is easily shown by numerous articles and books [H [21 [3l HI 
El E] and there in. Therefore the dynamics of a Lagrangian system is determined by a suitable 
vector field X defined on the tangent bundle of a given configuration space-manifold. If one 
takes an configuration manifold M and a regular Lagrangian function L on tangent bundle TM 
then it is seen that there is an unique vector field X on TM such that 



where ul is the symplectic form and El is energy associated to L. The vector field X is a second 
order differential equation(semispray) since its integral curves are the solutions of the Euler- 
Lagrangian equations. Here, we present the complex Euler-Lagrange equations on Kaehlerian 
manifold being geometric model of a generalized Lagrange space and to derive complex Euler- 
Lagrange equations on two physical problems using Maple [7]. Hereafter, all mappings and 
manifolds are assumed to be different iable of class C°° and the sum is taken over repeated 
indices. Also, we denote by J^{TM) the set of complex functions on TM, by x{TM) the set of 
complex vector fields on TM and by A^(TM) the set of complex 1-forms on TM. 1 < i < n. 
2. Complex and Kaehlerian Manifolds 

Let M configuration manifold. A tensor field J on TM is called an almost complex structure 
on TM if at every point p of TM, J is endomorphism of the tangent space Tp{TM) such 
that = —I. A manifold TM with fixed almost complex structure J is called almost complex 
manifold. If (x*) and (x*, y*) are coordinate systems of M and TM, then ^} and {rfx*, dy''} 
are natural bases over R of the tangent space Tp{TM) and the cotangent space T*(TM) of 
TM, respectively. Thus we get 



Hermitian metric on an almost complex manifold with almost complex structure J is a Rie- 
mannian metric g on TM such that 



(1) 



Let = x'^+iy\ i 




(2) 




g{JX,Y) + g{X,JY) = 0, \/X,Yex{TM). 



(5) 
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An almost complex manifold TM with a Hermitian metric is called an almost Hermitian mani- 
fold. If TM is a complex manifold, then TM is called a Hermitian manifold. Let further TM be 
a 2m-dimensional almost Hermitian manifold with almost complex structure J and Hermitian 
metric g. The triple (TM, J, (7) is called an almost Hermitian structure. Let (TM, J, (7) be an 
almost Hermitian structure. The 2-form defined by 

$(X,y) = (7(X,JF), 'iX.YexiTM) (6) 

is called the Kaehlerian form of (TM, J, (7) . An almost Hermitian manifold is called almost 
Kaehlerian if its Kaehlerian form $ is closed. If, moreover, TM is Hermitian, then TM is 
called a Kaehlerian manifold. 
3. Complex Euler-Lagrange Equations 

In this section, we deduce complex Euler-Lagrange equations for Classical Mechanics structured 
on Kaehlerian manifold. Let J be an almost complex structure on the Kaehlerian manifold and 
(2;*, 2*) its complex coordinates. The semispray ^ and Liouville vector field V = on the 
Kaehlerian manifold are given by 

^ = e^T+r|., je = ie^-ir|.. (7) 

We call the kinetic energy and the potential energy of system the maps given by T, P : TM C. 
Then Lagrangian energy function L is the map L : TM C such that L = T—P and the energy 
function El associated L is the function given by El = V{L)~L. The closed Kaehlerian form $l 
is the closed 2-form given by $l = -ddjL such that dj = i-^rdz' - i-^dz' : J^{TM) A^TM. 
Then we have 

= iShdz' ^ + iaffc^^' ^ dz^ + '^Sh'^^' ^ + '^Sh^^' ^ 

Since the map TMq>^ : x(TM) A^(TM) such that TMq>j^{^) = i^^L is an isomorphism, 
there exists an unique vector ^ on TM such that the vector field ^ holds the equality given 
by ([I]). Thus vector field ^ on TM is seen as a Lagrangian vector field associated energy L on 
Kaehlerian manifold TM. Then 



(9) 



Since the closed Kaehlerian form ^l on TM is symplectic structure, we have 

El = - iff - L, (10) 
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and hence 



dE, = ie&dz^ - if^dz^ - §jdz^ + iCShdz^ - -^rM^dz^ - §jdz^. (11) 

Considering Eq.([l]) and the integral curve a : C — TM of ^('^(0) = hence it is 

satisfied equations 
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afe + r^ffcl dz^ + §^dz^ + i fe'^ + dz^ + ^dz^ = 0, (12) 



where the dots mean derivatives with respect to the time. Then we have 

i4(0)-|> = O. = 0. (13) 

These equations infer complex Euler- Lagrange equations whose solutions are the paths of the 
semispray ^ on Kaehlerian manifold TM. Then [TM, ^) is a complex Lagrangian system on 
Kaehlerian manifold TM. 

Application 1: [3jLet us consider the system illustrated in Figurel. It consists of a light 
rigid rod of length £, carrying a mass m at one end, and hinged at the other end to a vertical 
axis, so that it can swing freely in a vertical plane and accelerate along the vertical axis. Let 
us obtain the equations of motion for small oscillations by writing complex Lagrange function. 
Complex Lagrangian function of the system is 

where A = — (z + z)^, B = {z + z){z + z). Then, considering Eq. f|T3l) . the complex- 
Lagrangian equations of the motion on the mechanical system, can be calculated by 



such that 



and 



^ _ eHz+z)B . iz+z)B . (z+z)B'^ , iBsinemz^z)-^] 

m sin e{z+-z) \z+-z+ 1 

2A 2^3 



U/ - I _ 1 ^ , 1 - ^^i^m^-^)-^] _ eBsme{z+z)[i-^] 



Application 2: [6]Let us consider the system illustrated in Figure2. A central force field 
/(p) = yl.p"^^(a 7^ 0, 1) acts on a body with mass m in a constant gravitational field. Then let 
us find out the Euler-Lagrange equations of the motion by assuming the body always on the 
vertical plane. 
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The Lagrangian function of the system is, 



A 
a 



L = -m zz W zzY — jmg- 



lz — z)\/ zz 



(z + z). l - 



Then, using Eg. (1131) . the so-called Euler-Lagrange equations of the motion on the mechan- 
ical systems, can be obtained, as follows: 



d 

LI: i—S-S = 0, 
dt 



L2: i^U + U = 0, 
ot 



such that 



c, ^( r^^a , • mg{z-z)z . mg^/zz 
o = — — (Vzz)+i — ^ h 1- 



and 



2z^ ' 2^{z + z)W {z + z)W 
. mgV^{z-z) mgV^{z-z){-l^ + ^) 
{z + zyW ' {z + z)W^ 



U = -m z 
2 



where W = Jl- 

Conclusion: In this study, the Lagrangian formalisms and systems in Classical Mechanics 
had been intrinsically obtained making two complex applications. 
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